of normality and unequal covariance matrices. Two populations were used and sample sizes were chosen from 10 to 100. The number of variables selected were 2 and 10. They employed the application of Monte Carlo simulation. Their results indicated that for small samples the QDF performed worse than the LDF when covariances were nearly equal with large dimensions (ie LDF was satisfactory when the covariance matrices were not too different). Lawoko (1988) studied the performance of the LDF and QDF under the assumption of correlated training samples. The researcher aimed at allocating an object to one of two groups on the basis of measurements on the object. He found that the discriminant functions formed under the model did not perform better than W and Z formed under the assumption of independent training observation. Asymptotic expected error rate for W under the model (W m ) and W were equal when the training observations followed an autoregressive process but there was a slight improvement in the overall error rate when W m was used instead of W for numerical evaluations of the asymptotic expansions. He concluded that the efficiency of the discriminant analysis estimator is generally lowered by positively correlated training observations. Mardia et al. (1995) reported that it might be thought that a linear combination of two variables would provide a better discriminator if they were correlated than when they were uncorrelated. However, this is not necessarily so. To show this they considered two bivariate populations π 1 and π 2 . Supposing π 1 is N 2 (0, �) and π 2 is N 2 (µ, �) where µ = (µ 1 , µ 2 ) ′ and with known . They indicated that discrimination is improved unless ρ lies between zero and 2f /(1 + f 2 ) but a small value of ρ can actually harm discrimination. Adebanji and Nokoe (2004) have considered evaluating the quadratic classifier. They restricted their attention to two multivariate normal populations of independent variables. In addition to some theoretical result, with known parameters, they conducted a Monte Carlo simulation in order to investigate the error rates. Results indicated that the total error rate computed showed that there was an increase in the error rate with re-substitution estimator for all K values. On the other hand, there was a decline across K. The cross-validation estimator showed a steady decline for and across all values K and the recorded value showed a substantially low error rate estimates than re-substitution estimator for K = 4 and K = 8.
Kakaï and Pelz (2010) studied the asymptotic error rates of linear, quadratic rules and conducted a Monte Carlo study in 2, 3 and 5-group discriminant analysis. Hyodo and Kubokawa (2014) studied a variable selection criterion for linear discriminant rule and its optimality in high dimensional data where a new variable procedure was developed for selecting the true variable set.
An enormous deal of study has been made since Fisher's (1936) original work on discriminant analysis as well as several other researchers tackling similar problem. Some estimation methods have been proposed and some sampling properties derived. However, there is little investigation done on large sample properties of these functions. Also a considerable number of studies had been carried out on discriminant analysis but not much is done on the effect or the performance of the QDF under correlated and uncorrelated data with varying sample size ratios, different variable selections and with different centroid separators for three populations.
In this study we therefore investigate the performance of classification functions (i.e Quadratic Discriminant Functions) when the covariance matrices are heterogeneous with the data of interest being correlated, sample size ratios being unequal, considering different number of variables and varying values of group centroid separator (δ).
Methods

Simulation design
To evaluate the performance of QDF for correlated and uncorrelated training samples of distributions, we considered a Monte Carlo study with multivariate normally correlated random data generated for three populations with their mean vector µ 1 = (0, . . . , 0) , µ 2 = (0, . . . , δ) and µ 3 = (0, . . . , 2δ) respectively. The covariance matrices, i (i = 1, 2, 3). Where k � = l, σ kl = 0.7 for all groups except the diagonal entries given as σ 2 k = i, for i = 1, 2, 3. The covariance matrices were transformed to be uncorrelated to generate the uncorrelated data. The QDF was then performed in each case and the leave-one-out method was used to estimate the proportion of observations misclassified.
Factors considered in this study were:
1. Mean vector separator which is set at δ from 1 to 5 where δ is determined by the difference between the mean vectors. 2. Sample sizes which are also specified. Here 14 values of n 1 set at 30, 60, 100, 150, 200, 250, 300, 400, 500, 600, 700, 800, 1000, 2000 and the sample size of n 2 and n 3 are determined by the sample ratios at 1:1:1, 1:2:2 and 1:2:3 and these ratios also determine the prior probabilities to be considered. 3. The number of variables for this study is also specified. The number of variables are set at 4, 6 and 8 following Murray (1977) who considered this in selection of variables in discriminant analysis. 4. The size of population 1 (n 1 ) is fixed throughout the study and the sizes of population 2 and population 3, n 2 and n 3 respectively are determined by the sample size ratio under consideration.
Subroutine for QDF
Series of subroutines were written in MatLab to perform the simulation and discrimination procedures on QDF. Below are the important ones.
Classification into several populations
Generalization of classification procedure for more than two discriminating groups (ie from 2 to g ≥ 2) is straight forward. However, not much is known about the properties corresponding sample classification function, and in particular, their error rates have not been fully investigated. Therefore, we focus only on the Minimum ECM classification with equal misclassification cost and Minimum TPM for multivariate normal population with unequal covariance matrices (quadratic discriminant analysis).
Minimum ECM classification with equal misclassification cost
Note that the classification rule in Eq. (1) is identical to the one that maximizes the posterior probability P(� i |x) = P(x comes from i given that x is observed) where Therefore, one should keep in mind that in general minimum ECM rule must have the prior probability, misclassification cost and density function before it can be implemented.
Minimum TPM rule for unequal-covariance normal populations
Suppose that the i are multivariate normal populations, with different mean vectors µ and covariance matrices � i (i = 1, . . . , g). An important special case occurs when the
The constant (p/2) ln(2π) can be ignored in Eq. (4), since it is the same for all population. Therefore, quadratic discriminant score for ith population is defined as The quadratic score d Q i (x) is composed of contributions from the generalized variance | i |, the prior probability p i , and the square of the distance from x to the population mean µ i .
Allocate x to k if the quadratic score In practice, the µ i and i are unknown, but a training set of correctly classified observations if often available for the construction of estimates. The relevant sample quantities for population i are the sample mean vector, x i , sample covariance matrix, S i and sample size, n i . The estimate of the quadratic discriminant score (6) is then
Suppose that the joint densities of X ′ = [X 1 , X 2 , . . . , X p ] for population � 1 and 2 are given by
The covariance matrices as well as the mean vectors are different from one another for the two populations. The regions of minimum expected cost misclassification (ECM) and minimum total probability of misclassification (TPM) depends on the ratio of the densities, (f 1 (x))/(f 2 (x), or equivalently, the natural logarithm of the density ratio,
when the multivariate normal densities have different covariance structures, the terms in the density ratio involving � 1/2 i do not cancel as they do when we have equal covariance matrices and also the quadratic forms in the exponents of f i (x) do not combine. Therefore substituting multivariate normal densities with different covariance matrices into Eq. (1) and after taking the natural logarithms and simplifying, the likelihood of the density ratios gives the quadratic function in x ∈ 1 if where otherwise, x ∈ 1 .
This function is easily extended to the 3 group classification where 2 cut off points are required for assigning observations to the 3 groups (Johnson and Wichern 2007) .
Results
This section presents the performance of QDF when the training data are correlated and then when they are uncorrelated.
Effects of sample size on QDF under correlated and uncorrelated normal distribution
Evaluating the effect of sample size on QDF with respect to the correlated normal distribution for δ = 1 is present in Fig. 1. From Fig. 1 it was observed that the average error rate for 4, 6 and 8 variables with δ = 1 were higher as compared to the other values of the δ and among the sample size ratios used, sample size ratio 1:1:1 gives the lowest average error rates as the sample size increases asymptotically. Results also show that n 1 = 30 gave highest average error rates and lower average error rate are for n 1 = 2000 for variables 4, 6 and 8. There is a rapid decrease in the average error rate from total sample size of 90-180 of sample size ratio (1:1:1) of 8 variables for all δ. The results of 4 variables were higher than the other number of variables. δ = 5 gave the lowest average error rates as the sample size increases. It was also observed that the average error rates of sample size ratio 1:1:1 and 1:2:2 were marginal for δ = 1. The difference between the ratios decreased as δ increased and with maintained total sample size and the average
error rates decreased as the number of variables increased. In δ = 5 the performance of the three sample size ratios were marginal. From Table 1 , the effects of the sample size on the QDF for the various group centroids (δ = 1, 2, 3, 4, 5) for the correlated samples gave an indication that, generally as the sample size increases with increasing group centroids, the mean error rates decreases marginally in that order. The standard deviation of the error rate for the correlated normal distribution reveals that as the sample size increases, standard deviation of the error rate for sample size ratio 1:1:1 exhibit low standard deviations for δ = 1. For a particular δ, the standard deviation decreases as the number of variables also increases. From δ = 2 to δ = 5, the standard deviations decreases as the sample size increases asymptotically. There is a sharp decrease of the standard deviation of sample size ratio 1:1:1.
For the uncorrelated distribution from Table 2 the average error rate was similar to the results obtained in the correlated normal distribution with the exception of the average error rate of sample size ratio 1:1:1 which decreased rapidly from total sample size of 90-180 for 8 variables in all δs. The average error rate decreased as the total sample size increased asymptotically. And it reduced when δ also increased. The graphical representation of this result for δ = 1 is shown in Fig. 2 .
The coefficients of variation generally increased exponentially and stabilized with increasing total sample size and number of variables in δ = 1 exhibited lower variations as compared with the remaining δs as shown in Fig. 3 . For δ = 4, the coefficients of variation in sample size ratio 1:1:1 decreased while the remaining ratios did not give any particular pattern for the 4 variable situation. For 4 variable situation with δ = 5, the coefficients of variation decreased as the total sample size increased. The coefficient of variation of the other 6 and 8 variables situations did not show any particular pattern as the total sample size increased.
The coefficients of variation in correlated normal distribution in Fig. 2 increased exponentially and then stabilized with averagely lower variations in sample size ratio 1:2:2 and with higher variations in sample size ratio 1:2:3 as the total sample size increases asymptotically. The variations also increased as δ increased. δ = 3 gives a steady coefficients of variation as the total sample size increased for variable 4 while it gave a little increase and then stabilized in variables 4 and 6. There was a decline in the coefficients of variation for δ = 4 as the total sample size increased asymptotically in variable 4. The coefficients of variation increased from total sample size 150 to 500 and from 180 to 360 for sample size ratios 1:2:2 and 1:2:3 respectively for variables 6 and 8 and then decreased as the total sample size increased asymptotically. From Fig. 4 , for δ = 1, there was a sharp decrease in the coefficients of variation in sample size ratio 1:1:1 for all number of variables as the total sample size increased.
Effect of number of variables on QDF (under correlated and uncorrelated normal distribution)
The effect of number of variables on the QDF under the correlated and uncorrelated normal distribution are discussed under this subsection. The graphs of the results for sample size ratio 1:1:1 of the situations of 4, 6 and 8 variables are shown in Fig. 5 . It was observed that as the number of variables increased, the average error rate reduced in the correlated normal distribution. The rate at which it reduces in δ = 1 for ratio 1:1:1 is better than that of the other δs. For increasing sample size ratio, as the number of variables increased, the decrease in the average error was marginal as δ increased.
The coefficients of variation in this distribution for ratio 1:1:1 in Fig. 6 reveals that as the number of variables increased the coefficients of variation increased for variables 4, 6 and 8 from δ = 1 to 3 except δ = 4 and 5 in which it reduced. Yet the in the case of 8 variables the variabilities exhibited were higher than the rest in this case. For ratio 1:2:2 the coefficients of variation increased from total sample size of 150-2000 and stabilized for all δs as the number of variables increased except δ = 4 which showed a decline in the coefficients of variation for the case of 4 and 6 variables. In δ = 5, there was declination in the coefficients of variation as the number of variables increased. Sample size ratio 1:2:3 gave similar result as ratio 1:2:2 From Fig. 7 , there was a sharp decline in the average error rate from total sample size 90-180 as the number of variables increase for all δs. It also revealed that as the number of variables increased the average error rate reduced for all sample size ratios.
The coefficients of variation shown in Fig. 8 indicates that the variabilities increased exponentially for all δs with the exception of δ = 4 and 5 for which variable 4 declined. In the case of 8 variables, about 9.65 and 11.91 % increase in variations from total sample size of 90-180 for all δ = 1 and 2. For δ = 4 and 5, the coefficients of variation for variables 4 declined from total sample size of 90-6000 while variables 6 and 8 increased. For δ = 5, the coefficients of variations for 8 variables increased from 90 to 750 and declined to 6000. The coefficients of variation in general for this distribution increased as the number of variables increased.
Effect of group centroid separator on QDF under correlated and uncorrelated normal distribution
This section presents the results of our investigation on the effect of the Mahalanobis distance on QDF for correlated normal distribution. Considering the correlated normal distribution in Fig. 9 , it was observed that with increasing total sample size, the average error rate reduces as the δ increased and also reduced as the number of variables increased. It can be observed that there was about 2.37 % drop in the average error rate from total sample size 90-180 for all δ = 1s in the case of 8 variables. The average error rate reduced as the total sample size increased for all sample size ratios with increasing δ. The coefficients of variation of sample size ratio 1:1:1 with increasing total sample size in Fig. 10 , uniform behaviour of δ was not portrayed. As coefficients of variation Average error rate for correlated normal distribution: n 1 :n 2 :n 3 = 1:1:1 Fig. 6 Coefficient of variation of correlated normal distribution: n 1 :n 2 :n 3 = 1:1:1 for δ = 5 and 4 were declining, that of the rest of the δs may be increasing or reducing depending on the particular sample size ratio. Therefore, with increasing δ, δ = 5 gives higher coefficients of variation.
From Fig. 11 , we observed that the average error rates of the individual δs reduce as the sample size increases. There was about 3.19, 5.09, 6.81 % drop of the average error rate Fig. 7 Average error rates of uncorrelated normal distribution: n 1 :n 2 :n 3 = 1:1:1 Fig. 8 Coefficients of variation for uncorrelated normal distribution: n 1 :n 2 :n 3 = 1:1:1 Fig. 9 Average error rates of correlated normal distribution for δ: n 1 :n 2 :n 3 = 1:1:1 for δ = 1, variables 4, 6 and 8 respectively. The average error rates of δ = 2 for variables 4-6 exhibited about 2.00, 3.99, 6.65 % drop in the average error rates. In general, the average error rates decreased as δ increased irrespective of the number of variables and sample size ratios. The coefficient of variation of this distribution of sample size ratio 1 : 1 : 1 in Fig. 12 did not show any uniform pattern in the variabilities as δ increased but in general as δ increased, the variabilities also increased. Fig. 10 Coefficients of variation for correlated normal distribution: n 1 :n 2 :n 3 = 1:1:1 Fig. 11 Average error rates of uncorrelated normal distribution for δ: n 1 :n 2 :n 3 = 1:1:1 Fig. 12 Coefficients of variation for uncorrelated normal distribution: n 1 :n 2 :n 3 = 1:1:1
